A GEOMETRIC SETTING FOR QUANTUM osp(l|2) 
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Abstract. A geometric categorification is given for arbitrary-large-finite-dimensional quo- 
tients of quantum osp(l|2) and the tensor product of its simple modules. The modified 
■ quantum osp(l|2) of Clark- Wang, a new version in this paper and the modified quantum 
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st(2) are isomorphic to each other over a field containing Q(v) and y— 1. 



^ ! 1. Introduction 

_i | 1.1. In the classical work |L90UL9i~llL93] of Lusztig, he gives a geometric construction of the 

p/| negative half of the quantum algebra associated to a Kac-Moody Lie algebra. It is later shown 

by Vasserot and Varagnolo in [VV11] that the extension algebra of Lusztig's complexes is 
isomorphic to the KLR algebra, a.k.a. quiver Hecke algebra, of symmetric type introduced 
independently by Khovanov-Lauda and Rouquier in [KL09] and [R08], respectively. The 
KLR algebras admit an odd analogue, the so-called quiver Hecke superalgebras by Kang- 
Kashiwara-Tsuchioka |KKT] (see also |EKL11] and |W09j ). By using representation theory 
^ [ of quiver Hecke superalgebras, Hill and Wang |HW12] give a categorification of the negative 
half of a covering algebra which specializes to the negative half of a quantum algebra at 7r = 1 
and that of a quantum superalgebra when 7r = — 1. See also |EKLllt IKK012[ IKK013] . 
To this end, it is natural to ask if one can categorify the negative part of Hill- Wang's 
l/-) | covering algebra and, moreover, the covering algebra itself (or its modified form) by using 
representation theory of KLR alegbras, or equivalently from Lusztig's geometric setting. 
This question is first raised by Weiqiang Wang and answered affirmatively for the negative 
part of the covering algebra by the authors in [FL12j and |CFLWj together with Clark and 
Wang. A new idea in answering this question is that the Tate twist (mod 4) from Lusztig's 
geometric setting categorifies the second parameter 7r in the covering algebra. 

After the negative half of the covering algebra is categorified in Lusztig's geometric setting, 
we are forced intuitively to search for a categorification of the covering algebra in a geometric 
setting analogous to the one for the negative halves. Indeed, there is a such setting for 
quantum osp(l|2), one of the smallest quantum superalgebras. It is in Beilinson-Lusztig- 
MacPherson's geometric construction of the g-Schur algebra of type A, a quotient of a 
quantum algebra of type A in [BLM90J. 

As one of the main results in this paper, we give a geometric construction of an arbitrary 
large finite-dimensional quotient of quantum osp(l|2), as well as the tensor product of its 
highest weight modules. We follow the approach taken in our previous work by adding the 
Tate twist, or the mixed structure, to the geometric setting laid out in |BLM90j involving the 
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geometry of two copies of Grassmannians. With a slight, though non-trivial, modification 
of the generators for the geometric construction of quantum $1(2) in |BLM90j . we obtain a 
quotient of quantum osp(l|2). In this realization, the Tate twist corresponds to the imaginary 
unit t = v^— T- We tend to call this quotient the g-Schur algebra of quantum osp(l|2) because 
it gets identified with that of quantum sl(2) immediately from the construction. Along the 
way, we also obtain a geometric construction of tensor products of finite dimensional simple 
modules of quantum osp(l|2) following |Z07j (see also |GL92j ). 

Just like the authors' previous work, the simple perverse sheaves of weight zero arising 
from this construction form a basis for the categorified quotients and tensor product modules. 
The structure constants with respect to this basis possess again a positivity property in an 
appropriate sense (see Theorem 14.90 . We provide with an algebraic characterization, up to 
a sign, of the basis by using a bilinear form, integrality and bar invariant properties. 

In the last section, we formulate a new version of modified quantum osp(l|2) follow- 
ing [BLM90J and |L93j . As far as we can tell, this is the most natural definition from our 
presentation of quantum osp(l|2) and its geometric construction. We further observe that 
our modified quantum osp(l|2) is isomorphic to that of Clark- Wang in |CW12j . and, sur- 
prisingly , to Lusztig's modified quantum sl(2) over a field containing Q(v) and t = 
We arrive at the latter isomorphism by observing the facts that quantum osp(l|2) and $1(2) 
have the same g-Schur algebras from the geometric construction and modified versions of 
quantum algebras sit inside the limit of the projective system of g-Schur algebras. (The 
proof turns out to be extremely easy.) A first consequence of the isomorphism of modified 
quantum osp(l|2) and $1(2) is that there exists a basis in the modified quantum osp(l|2), 
coming from the canonical basis of quantum $1(2), whose structure constants are in N[v, v~ l \. 
Such a positivity property in quantum osp(l|2) is rather mysterious, given the fact that the 
super sign "—1" is essentially used in the definition of the quantum osp(l|2). In other words, 
in modified quantum osp(l|2), the super sign "—1" (or t 2 for the modified covering algebra) 
can be moved outside the structure. A second consequence of the isomorphism is that the 
categories of weight modules of quantum osp(l|2) and sl(2) are isomorphic to each other. 
Moreover, we are able to construct very explicit and simple functors of isomorphism between 
the two categories of weight modules. A third consequence is that Lauda's categorification 
( |LaulOj ) of quantum $1(2) can be served as a version of categorifications of modified quan- 
tum 05p(l|2). 

We remark that the results obtained in this paper can be rephrased in the setting of the 
covering algebras (or their modified versions). We stick to quantum osp(l|2) for simplicity. 

The coincidence of modified quantum si(2) and osp(l|2) is somehow predicted by var- 
ious results in literature and, in return, explains why the representation theories of the 
two algebras are identical. In |CFLWj . we will show that modified quantum algebras and 
superalgebras (or covering algebras) are isomorphic in general cases. 

Meanwhile, Weiqiang Wang informed us that the equivalence of categories of weight mod- 
ules is known to him more than a year ago using the work |Lan02j . This equivalence is also 
proved independently by Kang-Kashiwara-Oh ( |KKQ13] ) in a completely different way and 
a more general setting. 

1.2. We thank Sean Clark and Weiqiang Wang for numerous interesting discussions and 
their generosities in sharing their ideas with us. We thank Alexander Ellis and Aaron Lauda 
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for sending us their slides |E12j and |Laul2j . Y. Li is partially supported by NSF grant: 
DMS-1160351. 
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2. Preliminaries 

2.1. Let v,t be two independent indeterminates. For any k,n G N and < k < n, we set 



,,n_,,-n 



n 



Hv,t = rK=i[*]«,*, 



For any k, n G N and k < n, one can easily check that 
[n] v , t = t n ~ 1 [n] v , [nt t 



[*]{,[*-*]{.' 
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Throughout this paper, we shall set t = i, the complex number such that i 2 = — 1 unless 
otherwise specified. Note that this is just for simplicity, we could have assumed that t is a 
variable subject to t 2 = — 1. In this case, [n] v>t is the same as [n^-n in |CW12j . 

The quantum algebra U associated to the ortho-symplectic Lie algebra osp(l|2) is, by 
definition, an associative Q[t ±1 ](f )-algebra with 1 generated by symbols E,F,K and K^ 1 
and subject to the following defining relations. 



(SI) 
(S2) 

(S3) 



KK' 1 =1 = K^K. 
KE = v 2 t- 2 EK, KF = v~ 2 t 2 FK. 

K — K~ l 



EF - t 2 FE 



v — v 



-i 



The above presentation of the algebra U is new. For the reader's convenience, we provide 
a dictionary between our presentation and the algebra U\ in [CW12] as follows. 
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t~ l K 


vt' 1 


t 2 
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K 
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The algebra U admits a super algebra structure by setting the parity function to be 
p(E) = p(F) = 1 and p(K) = p(K~ l ) = 0. By convention, the multiplication on U <S> U is 
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defined by 

(x ® y)(x' ® y') = t 2p( - v ^xx' ® yy', 
where x,y,x' and y' are homogeneous elements in U. This gives a super algebra structure 
onU®U. 

Proposition 2.2. There is a unique superalgebra homomorphism A : U — > U £§> U defined 
by 

A(R) = K ® K, A(R~ l ) = K- 1 ® K' 1 , 

A(E) = E ® 1 + K <g> E, A(F) = 1®F + F®K~ 1 . 

Proof. Since E, F, K and R~ x are algebraic generators of U, it is enough to check A satisfying 
the defining relation of U. It is easy to verify the relations (SI) and (S2). We now check the 
relation (S3). 

A(EF) = (E®l + K®E)(l(g)F + F®K- 1 ) 

= E&F + EF&K- 1 + K®EF + t 2 KF®EK- 1 . 

A(FE) = (1 (S) F + F (S) R- l )(E (S) l + K® E) 

= t 2 E®F + R (3FE + FE&K- 1 + FK®R- l E. 

By using t 2 = —1, we have 

A(EF + FE) = (EF + FE)®R- 1 + K®(EF + FE) 

K — R^ 1 K — R~ l 1 

= — <g) K + R ® - = -{K&K-K- 1 ® K- 1 ). 

v — V 1 v — v^ 1 v — V 1 

On the other hand, we have A( x ~ x — ) = (K <S> K — R^ 1 <S> K~ x ). This finishes the 
proof. □ 

By Proposition I2.2[ the pair (U, A) is a coalgebra. 

Lemma 2.3. Let = rC- -, for any n £ N. We have 

E p{n) = f 2n p(n) p + j.n-1 p(n-l) V _ ^_ V ^ 



V — V 1 



Proof. By (|2.ip . it is enough to show that 

(1) EF n = {-l) n F n E + {-l) n - 1 [n] v F 



v — v _1 



We shall show it by induction on n. The case that n = 1 is trivial. Assume that ([I]) holds 
for n — m. By using (S2) and t 2 = — 1, we have 

„.-(m+l) p _ v m+l ir-x 

EF m+i = ^i)^p m EF +{-l) m F m \m] v 

v — V 

= (-l) m + 1 F m+1 E + (-l) m AK - R- 1 + \mUv- {m+l) R - v m+1 R- 1 )) 

v — v 1 
pm 

= {-\) m + l F m+l E + (-l) m -\m + \Uv- m R - v m R- 1 ). 

v — v 1 

This shows that ([1]) holds for n — m + 1. □ 
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Proposition 2.4. For any d G N, there exist two non-isomorphic (d + 1) -dimensional simple 
highest weight U -modules spanned by vectors £cb£i; " " i£d, where has the XJ-action 
given by 

(2) F ■ £ r = f [r + £ ■ £r = ^[d + 1 - rUr-i, ^ • £r = ^V" 2 '^, 
and A^ /ias £/ie \J-action on given by 

(3) F-£ r = f[r + lL J £ r+1 , S.er = -* r_1 [d+l-rUr-l, ^ • £r = -* 2 V- 2r er- 

Moreover, any (d + 1)- dimensional simple \J-module is isomorphic to one of them. 

Proof. Let (o be a highest weig ht vector in A J, i.e., F d+1 £ = 0, F% ^ and ££ = 0. 
Assume that K ■ £ = ^£o- Since EF^ d+1 ^ = = F^ +1 )££ , by Lemma we have 
F^ ^Zu-i^ Co = 0. Since F(% ^ 0, we further have v~ d ^ - v d ^~ x = 0, i.e., ip = ±v d . 
To give the U-module Aj, we choose -0 = t> d . 

Let £ r = F< r )£ - Then we have F£ r = FF^ = [r + l]„ it F( r+: % = [r + l]„,t£r+i and 
K^ r = KF^£ = v- 2r t 2r F^K£ = v- 2r t 2r v d F^^ = v d - 2r t 2r £ r . By Lemma [231 we have 

Ei r = EF^Zo = t 2r F^E£ + t r - 1 F<- r -V vl ~ rK ~ vr ~ lK ~\ 

v — V 1 

1-r d r—l„,—d d+l-r _ r—X-d 

= t^F^ V V \ V £ = t^ V - ^— ^ = t^[d + 1 - rUr-x. 

V — V v — V 1 

Similarly, if we choose ip = —v d , then we get the U-module A d . □ 

In Sections [3] and HI we will give a geometric categorification of A^~. The module A^" can be 
categorified similarly. From now on, we denote A^ instead of A^ for simplicity. The module 
Ad is a Z 2 -graded U-module by setting p(£ r ) = 1 if r is odd and p(£ r ) = otherwise. For 
any U-modules M and N, the U Cg> U-module structure on M <S> N is defined by 

(a ® b) - (m ® n) = (-l) p(6)p(m W ® 6n, 

for any homogenous element o G U and m G M. Moreover, the U-module structure on 
M ® N is defined by 

a ■ (m <%) n) = A(a)(m <g) n), Va G U, m <g> n G M eg) AT. 

For any d = (di, d 2 , • • • , d m ) G N m , let A d = A dl ® A d2 ® • • • <g> A dm . 

2.5. In this section, we review briefly the theory of mixed perverse sheaves. We refer to 
Chapter 8 in [L93] and |BBD82j for more details. 

Let k be the algebraic closure of W q , a finite field of q elements. Let X be an algebraic 
variety over k. Let I be a fixed prime number which is invertible in k, and be the algebraic 
closure of the field Q/ of Z-adic numbers. Denote by T>(X) = T> b c {X) the bounded derived 
category of Q r constructible sheaves on X. Let V m {X) be the full subcategory of V(X) 
consisting of all mixed complexes. 

If L is a pure complex, we denote by wt(L) the weight of L. 

Given any integer n, let [n] : T>(X) — > V(X) be the shift functor and (n) : V(X) — >■ V(X) 
be the Tate twist functor. We denote by D the Verdier dual functor. Let / : X — » Y be 
a morphism of algebraic varieties. There are functors f*,f l : 2^00 — >■ ^(A^) and : 
We list some properties of the functors /*, f\, f \ /*, [n] and (n). 
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(1) Simple perverse sheaves are pure. 

(2) Functors (n) and [n] commute with all functors /*, f\, f, /*, [m] and (to). 

(3) D/i = /*D, D/ ! = /*D, B(L[n](m)) = (BL)[-n](-m). 

(4) wt(L[n]) = wt(L) + n, wt(L(n)) = wt(L) — 2n, wt(DL) = — wt(L) for any pure 
complex L. 

(5) If / : X — >• Y is smooth with connected fibers of equal dimension, then wt(/*L) = 
wt(L) for any pure complex L. 

(6) If / : X — > Y is a proper morphism, then wt(/iL) = wt(L) for any pure complex L. 

(7) fi(L®f*M) ~ f\L®M, f*(L® M) ~ f*L® f*M. 

(8) (Base change) If the following diagram is a cartesian square and / is a proper map, 




then we have g*f\L ~ f'g'*L for any complex L. 

2.6. Suppose that X l5 X 2 and X 3 are three algebraic varieties over k. Let : Xi x X 2 x 
X 3 — > Xi x X,- be the projection to the (i, j)-factor, for (z, j) = (1,2), (2,3), (1,3). For any 
L e V(X X x X 2 ) and M e V(X 2 x X 3 ), we set 

LoM = (pi3)i(p* 12 L ® p* 3 M) G V{X X x X 3 ). 

Lemma 2.7. Let X 4 fre a /orf/i variety over k, and N be any complex in T>(X 3 x X 4 ). We 
have (L o M) o N ~ L o (M o X) . 

Proof. Let gjj : Xi x X 3 x X 4 — > Xi x Xj be the projection to the (i, j)-factors, r^ : 
Xi x X 2 x X 3 x X 4 — > Xi x Xj x Xfc be the projection to the (i, j, fc)-factors, and Sy : 
Xi x X2 x X 3 x X 4 — > Xj x Xj be the projection to the (i, j)-factors. By definitions and the 
base change formula 12.51 (8), we have 

(L o M) o N = {qu)i{q* l3 {L o M) © g* 4 X) = (gi 4 )i(^((Pi3)i(Pi2 * L ® p* 23 M)) © q* u N) 
= (qiiH(nuWl 23 (p\ 2 L ® p* 23 M)) © q* u N) = {q u )i{{ri3i}i{s* 12 L © s^M) © g 3 * 4 X) 

= (gi4)!(ri34)l(sj 2 i ® S *23 M ® r 134^34^0 = (si4)l(sj 2 ^ ® S 23 M ® S 34 X). 

Similarly, we have 

L o (M o X) = (si 4 )!(s* 2 L © s 23 M © s 34 X). 
Lemma follows. □ 
Lemma 2.8. For any L,M e V(X l x X 2 ) and N e V(X 2 x X 3 ) ; we have 

(L © M) o X = (L o X) © (M o X). 
Proof. By the additivity of the functors (pi3)i,Pi 2 and ©. □ 
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3. A GEOMETRIZATION OF U AND ITS MODULE 

3.1. We fix d G Z>o- We simply write J> (0 < r < d) for the Grassmannian of all dimension 
r subspaces in k d . If we want to emphasize the total dimension d, we use notation F d instead 
of T r . The group G = GL(k d ) naturally acts on T r . Let G act on J- T x F r > diagonally. 
By [BLM90, Sec. 1], the G-orbits in T r x T r > are parametrized by the set Q d (r,r') of all 
2x2 matrices (a^) such that an + a\ 2 = r, an + 021 = r' and . =1 2 = d. In fact, given 
any pair (F, F') 6 J>X J>', the corresponding matrix is 

|FnF'| |F/FnF'| 
|F + F'/F| d- |F + F'| J ' 

where \V\ = dimV^. Let 

Q d = U r ,r>Qd(r, r'). 
We define the following closed subvarieties in J- r x F r > for certain r, r' . 

Fr,r+\ = {(F, F') G T r x JF r+1 \F C F'}, F r , r _i = {(F, F') G F r x F r _i|F D F'}, 
F r , r = {(F, F') G J> x F r |F = F'}. 

Note that J>, r +i is empty unless < r < d — 1, J>, r _i is empty unless 1 < r < d, and F T)T is 
empty unless < r < d. The associated constant sheaves with certain shifts and Tate twists 
are denoted by 

£d-2r,d-2(r+l) = (Ql)jv,r+i [ d ~ ( r + *)] (~ ^) G X J >+ 1 )' 

F*-2r,d-2(r-l) = (Ql)^r,r-1 [ r ~ X K r ~ X ) G V ^ F r X F r _i), 
ld-2r = (Qi)j>,r G ^(^"r X •?>)■ 

Here we abuse the notations: (Qj)xi £ means that the extension by zero of the complex 

(Qi)xi i n f° r a given subvariety X x in X. If the variety F r y is empty, the associated 

complex is zero. For simplicity, we write E rjr+1 , F r>r ._i, l r for E d _ 2r ,d-2(r+i), F d _ 2 r,<i-2(r-i) , ld-2r, 
respectively. More generally, we set 

F r , r+a = {(F, F') G F r x F r+a |F C F'}, V0 < r, a, r + a < d; 

F r , r _ a = {(F, F') G F r x F r _ a |F D F'}, V0 < r, a, r - a < d. 

We denote 

£d-2r,d-2(r+a) = (Qj)jy,r+« [o(d - (r + o))]( ° ^ Q ) G £>(F r X F r+a ), 
F d _ 2r ,d-2(r-a) = (Qi) J>,r-a [ a ( r _ Q )]( a ( r _ G ^("^V X -7>-o) ■ 

We also use the notation F rjr+a and F rjr _ a for E d _ 2r4 _ 2 ^ +a) , F d _ 2r ,d-2(r-a), respectively. 

Note that the above defined subvarieties are certain G-orbits in F r x T r > whose correspond- 
ing matrices are either upper or lower triangular. The complexes defined are intersection 
cohomology complexes attached to the G-orbits up to shifts and Tate twists. 

In general, for any A = (ctij)i<i,j<2, we set 

{A} = IC{0 A )[-r(A))(-r{A)/2), VA g 9,, 
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where Oa is the corresponding G-orbit, IC(Oa) is the intersection cohomology complex 
attached to the closure of Oa QBBD82J), and r(A) = (a n + a 12 )(a 2 i + ^22) is the dimension 
of the image of Oa under the first projection. 

For any complex L G T>{J- r x J>/) and M G T>{T r i> x Jv»), we set LoM to be the complex 
defined by the convolution product in Section I2H1 if r' = r", and L o M = otherwise. 

Lemma 3.2. (a) . £ r , r+a o E r+a ^ r+a+l ~ 0J =O £ r , r+a+ i [a - 2 j] (a - j) . 
(b). F r:T ._ a o F r _ ajr _ a _! ~ 0" =o F rjr _ a _i[a - 2j] (a - j)- 

Proof. The support of the complex p* 2 E rt1 . +a <S> P2^E r+ayr+a+ i is 

5 = {(F, F', F") GJ r x F r+a x J- r+a+1 |F cF'c F"}. 
The restriction of P13 to S is a P a -bundle. So we have 

E r ,r+a ° -^r+a,r+a+l = [Pl3)\ (Pl2 -^r.r+a <8> P23-^+a,r+a+l) 

= (pisMQOsIaCd - r - a ) + d - (r + a) - 1](^_^ + 

= 0(QO^ +a+1 [-2j](-j)[(a + - (r + a)) - 1]( ( Q + ^ ~ 1 ~ a ) + a ) 
i=o 

a 

= © £ r,r+a+l[a ~ 2j](a - j). 
3=0 

Similarly, the support of p\ 2 E r ,r-a ® V2zE r -a,r-a-\ is 

S = {(F, F', F") G T r x 7;_ a x J- r _ a _i|F D F' D F"}. 

The restriction of P13 to S is a P a -bundle. By a similar argument as above, we have the 
second identity. □ 

Lemma 3.3. (a). l r o \ r , ~ 5 r yl r , 

(b) . E r , r+ i o l r , ~ 5 r+ i >r >E r>r+ i, l r < o E T . iT+ i ~ 5 r > )r E r)r+ i, 

(c) . iy- r _i O l r / ~ r _i wij-r— 1> lr' -frr-1 — 5r'rFr,r-l, 

(d) . E r>r+1 o F r+hr © © <j<2r-dlr[2r - 2j - 1 - d] (2r - j - — ~ 

F r>r _! o £? r _ lir (l)e ©o<i<d-2r lr[d - 2j - 1 - 2r](^-^ - j). 

Proof. Let us show that l r o l r , ~ <5 rr ./l r . Assume that r = r'. As before, let pij : T r x 
J> x J 7 , 4 J r x J> be the projection to the (i, j) -factor. By the definition of l r , the 
support of p* l2 l r © p* 2Z l r is the variety S = {(F, F', F") G J> x J> x T r \F — F' — F"}, i.e., 
the diagonal of the variety J- r x J> x J^. So the image of S under p^ is exactly J> r for 
= (1, 2), (2, 3), (1, 3). Moreover, the restriction of to 5 is an isomorphism. Thus the 
restriction of l r o l r to J> )r is the constant sheaf. Therefore, we have l r o l r ~ l r . If r ^ r', 
then the support of p* 2 l r ®P23lr is empty. So we have l r o l r / ~ 0. 

Next, let us show that £/ nr+ il r ' ~ 5 r+ i ir 'i? r . ir+ i. Assume that r' = r + 1. The support of 
p* 12 E r>r+l ® p* 3 l r is 5 = G j; x_i; +1 x J* r+ i|F C = F"}. By definition, 

the restriction of p* 2 F r>r+ i <8)p| 3 l r to S 1 is (Qj)g[d — (r + 1)](^-). Note that the restriction 
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of P13 to 5* is again an isomorphism, and the image of pi% is J> jr+ i. Therefore we have 
E r , r +i^r+i = E r>r+1 . For the case of r' ^ r, the identity holds by definitions. One may show 
similar identities in the lemma in a similar way. 

Finally, let us show that the last identity in the lemma. Let us compute the complex 
E nr+ i o F r+ i tr . The support of p\ 2 E r . tT+ i © P23-^r+i,r is 

S = {(F, F', F") ef r x F r+l x F r \F cF'd F"}. 

Let S l = {(F, F', F") G S\F = F"} and S 2 = S\S V Then 

S 2 ~ S' 2 d = {(F, F") E F r xF r \\(F + F")/F\ = 1 = \(F + F")/F"\}. 

Observe that the restriction p' 13 of pi$ to Si is a fiber bundle of fiber isomorphic to the 
projective space p d - r ~ 1 ; while the restriction p'( 3 of pis to 5*2 is an isomorphism. Further, 
the image of p' 13 is J> ir , and the image of p'[ 3 is S' 2 . The restriction of p* l2 E rtT+ i <g> p 23 F r+ i^ r 
to S is 

(Q,) s [d - (r + 1)](^) <g> (Q,) 5 [r](r) = (Q,) 5 [d - 1](^ + r). 



So 



£ r , r+ i o F r+ i jr = (p 13 )|(pj 2 £^ >r+1 ® p* 23 F r+ljT ) = (pia)i(Qi)s[d - 1](— — ^ + r) 

= (pkMQ0*[d " 1](^ + © (p'IMQihAd ~ 1](^ + r) 

= (©^(QiKrl-ailH) © (Q^)M- l](^ + r), 



where the third equation is due to [L93j 8.1.6]. 
Similarly, we compute i^r-i o i£ r _i iP and get 



,d- 1 



F P , r _! o £ P _ ljP (l) = (©-i(Q,)^ r [-2j](-j) © (Q,)s»)[d - 1](^ + r) 

where S' 2 ' = {{F, F") G J> x J>||F/(F n F")| = 1 = \F"/{F n Observe that S 2 = S 2 ' 

and 

(®j=0 © ©rf-r<j<rlr) [ — 2j] (— j) = (©J_q lr © ©r<j<<2-rlr) [ — 2j] (— j) . 

We have 

+ 1 

£ r , P+ i o F r+ i >r © © <j<2r-dlr[2r - 2j - 1 - dj(2r - j — J 

~ F r , P _! O £7 r _ 1>r (l) © © <j<d-2rlr[d - 2 j - 1 - 2r](^y^ - j). 

Lemma follows. □ 

a d I ' ^ ~ ^ r ~ a ^ ^ r _ ^' 
(6). F r+bir l rJ B rir+a (n 2 ) = { r ^ t | i Vrf > (r + a) + (r + b); 



a d — r — a — b 

(c). £ P _ a)P l r F PiP _ 6 = F d _ r+b4 _ r l d _ r E d _ r4 _ r+a (ab), if d = (r - a) + (r - 6), 
where n\ = — |(a(r — a) + 6(r — 6)) and n 2 = — |(ar + 6r). 
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Proof. We prove the first equation. The support of the complex p\ 2 E r _ ar <g> P23-^V-& is 

S = {(F, F", F') £ Tr-a x F r x F r ^ b \F C F" D F'}. 
By definition, we have 

E r - a , r F r ^ b = (p 13 UQ l ) s [a(d - r) + 6(r - h)] (^zA + 6 ( r _ h)) . 

Consider the restriction of P13 to S. The image of S under pi$ consists of the pairs (F, F') £ 
J>_ a x J>_6 such that \F + F'\ < r. Thus we have 

r — a — b < \F C\ F'\ < min{r — a,r — b}. 

Recall from [BLM901 2.3] that 

d(A) — r(A) = a n ai2 + 021^12 + 021^22 
K J =(r-o-6-|Fn F'\)(d -r + b+\Fn F'\) + b\F n F'\ + o(d - r + b). 

In particular, 

d(A)-r(A) = a(d-r) + b(r-b), if |F n F'\ = r - a - b. 

From (j3j), we see that Pi3(5') is the orbit closure of the G-orbit whose corresponding matrix 
is 

. r — a — b b 

a a — r 

We claim that 

(5) The restriction of P13 to S is a small resolution. 

Recall that smallness means that the following two conditions are satisfied, (a). 2|p^ 3 1 (x)| < 
d(A ) — d(A), for any x £ Oa Q Oa - (b). The equality holds if and only if A = A . 
We show (a). Given any pair (F, F') in p\z{S), the dimension of the fiber Pi^(F, F') is 

(6) \p^(F,F')\ = \Gr(d - \F + F'\,r - \F + F'\)\ = (r - \F + F'\)(d - r). 
Since r(A ) = r(A), 

2\pli(x)\ - (d(A ) - d{A)) = 2\ Pu \x)\ - (d(Ao) - r(A )) - (d(A) - r(A)) 
By (j4j) and (jSJ), we have 

(7) 2|^ 3 1 (a;)| - {d(A )-d(A)) = (r - a - b - \F n F'\)(-d + r + \F n F'\) < 0. 

This shows (a). The inequality ([7]) becomes equality if and only if \F fl F'\ = r — a — b. So 
(b) holds. It is clear that the restriction of px3 to P\^{Oa ) is an isomorphism. The claim 
follows. 

By (13. ip , (13.11) and ((SJ), we have E r _ atr F r , r ^ ~ {A } up to a Tate twist. Since wt({A }) = 
0, by checking weight of E r ^ r F TiT ^ we have n\ = — \{a{r — a) + 6(r — 6)). 

The second equation can be shown similarly. The third one follows from the first two 
equations. □ 
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3.5. Consider the following complex 

(8) L\ o L2 o ■ ■ ■ o L m , m G N 

where Li (i — 1, • • • , m) are either E r>r +i, or -F rjr _i, or l r . Assume that Li G T>{T Ti x J> i+1 ) 
for z = 1, • • • m. Let : ^> — x -^>j ^ e the projection to (z,^) -factor. Then by 

applying the technique used in the proof of Lemma \2.7\ we get 

L 1 o L 2 o • • • o L m = (Sl,m+l)!(®£l s *,i+l(^))- 

Observe that si, m +i is proper, and the restriction of the complex (g>£L to its support, 

which is smooth and irreducible, is a constant sheaf with a shift and a Tate twist. By the 
decomposition theorem ( |BBD82] ). we see that the complex (JSJ) is a semisimple complex. 

3.6. Let Q d r , be the full subcategory of ViTr x J>/) whose objects are direct sums of 
L[n]{m) for various n G Z, m G |Z and various L which is a simple direct summand of a 
complex of form ([8]). 

Let Q^ r , be the split Grothendieck group of Qf r ,, i.e., Qfy * s the abelian group generated 
by the isomorphism classes of objects in Qf r , which subjects to the following relation. 

(C © C) = (C) + (C), VC7, C G Q d y . 

Let Q d = ©r,r'GZ> Qrr' an d *4 = Z^* 1 ,^ 1 ]. Here t is considered as an indeterminate. We 
define an ^4-module structure on Q d as follows. 

(9) v.(A) = {A[l)(~)), t.{A) = {A{±)) } V(A) G Q d . 

Since (A © B)[l] = A[l] © and (A © S)(l) = © B(l), this action is well-defined. 

By Lemma 12.81 and (13.61) . there is a well-defined bilinear map on Q d induced by the 
convolution product " o ", i.e., 

(C) o (C) = (CoC). 

It is associative due to Lemma 12.71 Together with "o" , the space Q d becomes an associative 
algebra over A. By an abuse of notation, we simply write A instead of (A) for elements in 
Q d . 

Lemma 3.7. (a). E r ^ r+a o E T+a ^ r+a+ i = [a + l] V)t E r>r+a+ i, 

(fi) ■ E-,r—a F r — a r — a —\ [o -\- X^^Ff^—u—l. 

Proof. By Lemma 13.21 and ^4-action on Q d defined above, we have 

a 

E r ,r+a E 

r+a,r+a+l — / ^ "'^ -Er,r+a+l — [o "I - l]u,t-E'r,r+a+l • 
i=0 

The second identity can be proved similarly. □ 
Let K r = l r [d - 2r](f), K~ x = l r [2r - d](-f) and 

d d d d 

E = J2Er,r+l, F = J2Fr,r-l, K = J^Kr, K' 1 = ^ K~ X . 

r=0 r=0 r=0 r=0 
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Let X be the two-sided ideal of Q d generated by t 4 — 1. Let j£l V)t (2, d) = Q d /I be the 
quotient algebra. By the t-action in we have 

(10) A{2) = A, \/Ae j$ v ,t(2, d). 

By (PSJI, we can set t = i again. Let S v , t (2, d) = j$ v , t (2, d) ® A Q[t ±l ](v). 
Proposition 3.8. E,F,K and if -1 in S v>t (2,d) satisfy the relations in (Sl)-(SS). 

Proof. By the definition of if and if -1 , we have if o if -1 = E r l r = 1 = if _1 o if. 

Let us show that K o E — v 2 t 2 E o if. By the definition of if and E, we have K o E = 
E r E r ,r+i[d - 2r](f ), and E o K = E r E r< r + i[d - 2(r + l)](f ) = ^ 2 t 2 if o £. The identity 
K o F — v~ 2 t 2 F o if can be shown similarly. 

We now show the last equality. By Lemma [3.31 (d), we have 

(11) E r , r+1 o F T+1 . T - t 2 F r ^ o £ r _ ljr = E to"" 1 lr[d - 2j - 1 - 2r](^i - j) 

- E" 1 lr[2r - 2j - 1 - d](2r - j - 
If d < 2r, then the first term on the right hand side of (jlip is 0. Hence 

E T)T+1 o F r+ i, r - t 2 F r , r _! o E r . hr = - lr[2r - 2j - 1 - rf](2r - j - ^) 

= -^r-d-ip J^*- 1 v -«i p = - t 2r [2r - d} v l r = t 2r [d - 2r} v l r . 
If 2r < d, then the second term on the right hand side of (fill) is 0. Hence 

E riT+1 o F r+l . r - t 2 F r>r _i o £ r _ l r = Ei=o r_1 lr[d - 2j - 1 - 2r](^2 i - j) 

d-2r-l+2r sr^d-2r-l 



tr - r «"^lr = -2r]„l r - 

If <i = 2r, then the right hand side of fTTTj) is just 0. In each case, we have 

.Ey^-i-i o i^ r _)_^ jr . — t 2 F rr —\ o E T —\ T = t 2r — 2r] 1) l r . 

Therefore 

E o F — t 2 F o E = J2 r t 2r [d-2r} v l r . 

On the other hand, we have 

f# = szj=r Er(lr[d - 2r](|) - l r [2r - )) 

= ^=r E,(^" 2r i 2r - ^- (d - 2r) r 2r )l, = t 2r EJd - 2r] w l r . 

Here we use that t 4 = 1. This shows (S3). □ 

Proposition 3.9. There exists a unique surjective algebra homomorphism \ '■ U — > S Vjt {2, d) 
by the assignments E ^ E, F i— )■ F and if 11=1 h-> if . 

Proof. The claim that x is an algebra homomorphism follows from Proposition 13.81 We only 
need to prove that S Vtt (2, d) is generated by E, F, if and if -1 as an algebra. 

Since E r r+ i — E o l r+1 and F r ^ r _i = F o l r _ 1; it is enough to show that l r is generated by 
if for any < r < d. 

Let Oj> = {v d ~ 2r t 2r y . By ffTO]) . we have if = ^ =0 ai r l r . By Lemma |3~3| we have if 2 = 
E r =o a 2r-l»-- m general, by repeating this process, we have if 7 = Er=o a j> Hence, 

(K,K 2 ,--- ,K d f = A(h,l 2 ,.-- ,l d ) T , 
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where A = {aj r )i<^ r <d is a Vandermonde matrix which is invertible since a jr 7^ a JS if r 7^ s. 
Therefore, l r is a linear combination of K\ 1 < j < d. This finishes the proof. □ 

3.10. Let M d = ®UoQr,o and M d = M d ® A Q^ 1 ]^). Then M d is the Q[t ±1 ](w)-module 
spanned by {F ri o,V < r < d}. 

Proposition 3.11. There is an 5*^^(2, <i) -module structure on M<i defined by 

F o F rfl = t r [r + l] v F r+1;0 , E o F rfi = f^fd + 1 - r] v F r . lfi , K o F rfi = v d ~ 2r t 2r F r , . 
Proof. By Lemma 13.31 and Lemma 13. 7[ we have 

F F. = Z)r' -^',r'-l i^.Q = [ r + l]v,tF r +l,0 = t r [r + l]„F r+ i )0 , 

K o F rfl = J2 r , i; o F r>0 [d - 2r'](f ) = F r , [d - 2r](f ) = v d - 2r t 2r F rfi . 
We now show that F o F r .o = [d + 1 — r] Vyt F r _ifl. By Lemma [3.31 we have 

E O F rj0 = J2 r , E r /y + i O F,0 = -E r -l,r ^r,0- 

Let us compute the complex F r _i i7 . o F r>0 . The support of p\ 2 Er-x,r ®p2zFr,<a is 

S = {(F, F', F") G F r _i x F r x F |F" c F' D F}. 

Observe that px3 is a fiber bundle of fiber isomorphic to the projective space F d ~ r . Further, 
the image of pi 3 is F r _i ; o- The restriction of p* 2 F r _ l r <g> p^Frjo to S 1 is 

(Q0ff[d - ® = (Qi)5[d - ^(^)- 

So 

F r _i ir oF rj0 = (puJiCPu-^r-Lr ®P23-Fr,o) = (pia)i (Qi)s [d - H (— g - ) 

= ®tWiU- U Ad - r - 2k](^ " *) = ^ - r + l] v F r _ li0 . 
Proposition follows. □ 

4. A CATEGORIFICATION OF TENSOR PRODUCT MODULE 

4.1. Let C r y be the category of functors from T>{J- r i) to T>(J- r ). Consider the following 
diagram: 

where p\ and P2 are projections. Define a functor 

\l/ r r / ; T)(yF r x Ffi) — ^ C r r i 
by \& r . r /(L) = <g) F 2 *(-)) for any object L in V(F r x J>/). 

Proposition 4.2. ^ r n r {L o M) = \l/ r // ir /(L)\l/ r / ir (M) /or any objects L in T>(F r » x Jv) and 
M m X>(J>/ x F r ). 
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Proof. This is a special case of Proposition 7.2 in [LilOj . For the reader's convenience, we 
present an alternative proof here. Consider the following commutative diagram. 



Pi 



Pi 



' ^~yH X J y< 



P13 



t/~'f ff X J~ if 

P'2 



Pi 2 



m 



pi 



J~y.ll X tj~ yl X %J~ y 

VIZ 
JT i r.t X U <r 



P-2 



P2 



J~ y 



where Square \ Tj is a cartesian square. By base change formula 12.51 (8) and commutativity, 
p' 2 *Pi! = Pi2\Ph> P'v.Pi2\ = PiiPisi and p* 23 p* 2 = p* 12 p 2 *. Then for any object C in X>(J>), we 
have 

(* r „ <rl (L)V r , >r (M))(C) =p' ll (L®p' 2 *p v XM®p* 2 (C))) 
= j/ii(i®Pi2!P^(M®p;(C , )))=pi^ 1 2i(pI 2 L®^(M<8)^(C0)) 

= p'v.PlV.iPuL ® ® PM^O) = P'v.Pl2l(Pu L ® ^23 M ® K3P2* (<?)) 

= P11PMPI2L ® P^ ® PM*(C)) = PV.(P131(P*12L ® P^M) ® P2*(C)) 

= (f r » r (LoM))(C). 



This proves the proposition. 



□ 



Consider the following diagram: 



«« r *' r,r+a •/ r+aj 



where J> ir+a is defined in (13. ip and p, p' are projections. For any < r, a, r + a < d, we 
define functors 

^ = Id[d - 2r](^) : P(J>) P(J>), 

^,r + a = PP'Xrf - a - r)](^pi) : P(J- r+a ) 2?(J>), 
3r+a,r = pip*[ar](ar) : X>(J>) P(Jv+ a ). 
Lemma 4.3. For any < r, a, r + a < d ; we have 



^ r,r+a(^^r,r+a) 



/./•+a> ^ r,r—a\F'r,r—a) ~5r,r—ai ^r.r(lr) Id, \l/ r . r (-K" r ) J??.. 



Proof. We show that ^ r r . )r+a (£ , rjr+a ) = £ rir+a - The other identities can be proved similarly. 
We notice that the shift and Tate twist are the same in the complex E r>r+a and the functor 
<£ r>r . +a , respectively. So it is enough to show that p\p'*(C) = Pi\(t,\(Q,i)^ r , r+a <8>P2(C)) f° r an Y 
object C in T>(J> +a ), where p, p', p\ and p 2 are the obvious maps in the following commutative 
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diagram and i is the closed embedding. 




r+a 



By the projection formula 12.51 (7) and the commutativity of the diagram, we have 

Lemma follows. □ 

By Proposition 14.21 and Lemma 14.31 we can transport results on the complexes E, F and 
.fT's to the functors (E, and &s. In particular, we have 

Lemma 4.4. (a) . <Sr >r+a <B r+a>r+a+1 ~ 0J =O £ r ,r+a+i [a - 2j] (a — j). 

(b) . $r,r-a-$r-a,r-a-l — ©j=o3ry— a— 1 [ a ~ 2j\(ci — j). 

(c) . <S r ,r+l$r+l,r © ©CK^r-Jd [2r - 2j - 1 - d]{2r -j- — ti) ~ 

y r ,r-l<Bp-l,r © ©0<i<d-2rld [d - 2j - 1 - 2r](^-^ - j). 

Let 

©r*^r? ©r^r,r+a? 5^ ^ Br^r.r-a- 

These are endofunctors on (B r T^(F r ). If a = 1, we simply denote <B^ (resp. $ ) by <S 
(resp. 5"). Let <2^ be the full subcategory of P(J>) consisting of G-equivariant semisimple 
complexes. Let M. r d be the split Grothendieck group of Q r d and = © r M^. We note that 
M rf is isomorphic to ~M d defined in Section 13.101 since the category Q r d is equivalent to Q d r 
defined in Section 13.61 Again, by Proposition 14.21 and Lemma I4.3[ we have 

Proposition 4.5. For any object C in ® r T)(J- r ), we have the following identities in IVLj. 

m{C) = v 2 t- 2 <£ft{C), SV5(C) = v~H 2 m(C), 

R(C) -8r\C) 



&S{C) - t 2 d<s(c) 



V — V 1 



4.6. We fix a sequence d = d 2 , ■ ■ ■ , d m ) of integers such that J2i di = d. To such a d, 
we fix a partial flag in V = k d of the form: 

(12) = V o <zV 1 c---cV m = V, = d h V I. 

Denote by the parabolic subgroup of G = GL(k d ) which fixes all subspace VJ, V I = 
1, • • • ,m in the fixed flag (1T21) . Let be the full subcategory of X>(J>) consisting of Pd _ 
equivariant semisimple complexes and Qd = ©rQd- Let Md be the split Grothendieck group 
of Qd- Furthermore, Md is an ^4-module equipped with the same ^4-action as (jUJ). 

We now assume that d — (d). In this case, <2 d consists of direct sum of the complexes 
of the form (Q;)j>[ n ]( m ) f° r various n£Z and m G |Z. Moreover, Md is the same as M^ 
defined in Section [3. 101 and Proposition 14.51 Let 
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Proposition 4.7. For d = (d), we have the following identities in M<j. 

££ r = t r - x [d + 1 - rUr-x, Mr = t r [r + l]„£ r+1 , j?£ r = v d ~ 2r t 2r -%, 

Proof. Clearly, £ r = \I/ rj o(P ri o)(Qz).7 r o- Proposition follows from Lemma \A.3\ Proposition 13.111 
and Proposition 14.51 □ 

From Proposition if d = (d), Q d categorifies the simple U- module A^. In other words, 

Q d : M (d ) -> A d , ir >-> £r, 

is an isomorphism of U-modules, where M d = Mj ©^4 Q[t ±1 ](v). 

We now consider the general case d = (di, d 2 , • • • , d m ) such that Yli di = d for the fixed 
d. Let S d be the set of all sequences, r = (ri,r 2 , ■ ■ ■ ,r m ) G Z> , such that r = Ylii r i an d 
r; < di for all /. To each r G we associate a subset of T T as follows. 

o r = {iy g t t | iwnyj/wnvi-il =r,,vz}. 

We claim that P d (O r ) C O r . In fact, for any W G O r , \P d (W)f]Vi\ = \P d (Wf]Vi)\ = \WnV t \. 
Hence \P A (W) n Vi/P d (W) n VU| = n for all I. This shows that P d (W) G O r . The 
claim holds. Moreover, O r is a Pd-orbit of T T and r parameterizes the Pd-orbits of T r . So 
IC(O r ), V r G 5 d form an ^4-basis of M d , where E d = U <r<(i2 d . 

Next, we want to define the restriction functor "Res" . For a fixed d = (d\, d 2 , • ■ ■ , d m ) such 
that J2i di = d, let d' = (d u d 2 , ■ ■ ■ , d m >) and d" = (d m >+i, d m > +2 , • • • , d m ). Let d' = Ya=i d i 
and d" = Y^iL m '+i di- Then d! + d" = d. For any r', r" G Z> such that r' + r" = r, let Q d '' d" 
be the full subcategory of V^f, x J 7 ^") consisting of all Pd' x Pd"-equivariant semisimple 
complexes and <2d',d" = ©Q d / d «- Let M d / d » be the split Grothendieck group of Q d ',d"- 

We now fix a vector space W such that \W\ = d' . Consider the following diagram. 

pd' w pd" K vr',r" x"d 

where F r '' r " = {W G J" r d | \W n W'| = r'}, = (Wn W, n W')) and t is the 

close embedding. We define 

Re S ; ; ;; = - t-vk^) ■. v{j*) x 

Res d / id » = © r / )r //ResJJ' : © r X>(J>) -> © r ', r «£>(.7y x J 7 ^"). 

We denote = (E.y+ix/d : g> © r /X>(J" r /) ->■ ©(J 7 .) g)© r /P(j;/) and g£ r+1 = 

Id x <B rjr +i : © r .'P(J>') © V(J- r+ x) — »■ © r /X>(J>/) © T>{Tt). Similarly, we have notations 

•^r,5r,r— 1 (r es p. Si r ,$ rr _i). 

Proposition 4.8. For any C r G Q r d , we have 
Res^/ ^/i& r C v — & r / J^ r //Res^/ ^uC r ^ 

Res^ ; (£ r —i r C r — £ r / r /_|_2Res^/ j« C r © J? r /(£ r // r » . j(r )Res^ C r , 

RgS^/'^/t^t-i-i^CV — 5r',r'— l*^r" r"^^d' d"' ^ r ® )P^S^/'^// C r . 
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Proof. The proposition can be proved similarly as Proposition 3.8.3 in |Z07j . We shall give 
another proof. The first identity is obvious. We only prove the second one and the third one 
can be proved similarly. 

We claim that for any C r G Q r d , there exist a smooth irreducible variety F and a proper 
map 7i : F — > F r such that C r is a direct summand of 7n(Qz) f. Let T: F r — > F r x F& x be the 
embedding map sending F' h-» (F',Vi), where V\ is the fixed vector space in ( !T2|) . By the 
argument in Section 2.6.2 in |BL94] . T* : T>p~(F r x FdJ —> T>p d (F r ) is an equivalence, where 

d = (g?2, " " " 5 ^m)- By the argument in Section l3~5| for any object C in T>p~(F r x J 7 ^), there 
exist a smooth irreducible variety F' and a proper map ir' : J 7 ' — > J> x J 7 ^ such that C 
is a direct summand of tt((Qz)^,. Let F = F r X(F r xT dl ) F' and C r = T*C. By base change 

formula |2~51 (8), C r is a direct summand of 7ri(QzW, where 7r : J 7 — >• J> is the pull back map 
of 7r'. This proves the claim. 

By the above claim, we may and will assume that C r = tti (Q/) ^ for some smooth irreducible 
variety F and a proper map n : J 7 ' — »■ F r . Now consider the following diagram. 

X' 




where X" = {F G | |F H W 7 ] = r'} and X' = J>_i )T . Xjr r _j X". By base change 

formula |23] (8), we have K'{i"*pip'*C r = ^sa'*p'*C r . 

Let X = {F' e F r | \F' HW\ = r' or r' + 1}. Then X has a partition X = Xi U X 2 with 
X,- = {F' G F r | | if n W\ = r' + j - 1} for j = 1, 2. Let Y = Y l U Y" 2 with Ki = J 7 ., x 
and Y" 2 = ^>'+i x F r "- Let y' = Y[ U Y" 2 with Y/ = F r > x J>» jr "+i and Y" 2 = -Tv.r'+i x •?>"• 
There are obvious maps Kj : Xj — > Yj and q'j : YJ — > Yj for j = 1, 2. Let Zj = Xj x Yj Y- and 
Z = Z\ U Z 2 . Consider the following diagram 



J 7 < Z X' 




where 6 is the map such that p'J = ts'b, Z = Z x jr. F and X' = X' Xj r F. By the base 
change formula, commutativity of the diagram and the assumption C r = ir\(Qi)p, we have 

K'(s\i'*p'*C r = q\n[b\b*s'*i*C r = qi^hntXQi)-^,. 

We further have a partition of X' = X[ UX' 2 and Z = Z\ U Z 2 . Let b\ = b\x[ and 6 2 = b\x; 2 
be the restriction of b to XJ and X' 2 , respectively. It is not difficulty to check that b\ is a 
vector bundle of rank r' and b 2 is an identity map. Let bj = b\~, . Then 61 is a vector bundle 
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of rank r' and b<i is an identity map. By |L93j 8.1.6], we have 

b\b*s'*L*C r = bmXQi)^, = hi^uiQi)^ © hi^vXQi)^ 
= ^i(Q/)f 1 [-2r / ] © 7? 2 (Q,)^ = s'*LlC r [-2r'\ © s'*i* 2 C r , 



where ttj and 7^ are tt and 7T 7 restriction to X'- and Zj, respectively. Let Kj (resp. s^-, g^) 
be the map k (resp. s',K f ,q') restricted to Xj (resp. Zj,Zj,Y!). If we ignore Tate twists, 
then we have 



Res^,€r_i, r C r ~ gn^sf^C^iV - 2r'} © g 2 i«2i s 2*2<?r[N] 

~ ^^ tr/ , +1 ResJ;£ +1 C r [JV - 2r' - N,} © ^y^Res^Y' C r [N - N 2 ), 

where JV = d-r + (d"-r")r', N t = d! -2r' + d" -r" -\ + {d" -r" -l)r' and N 2 = d'-r'-l + 
(d"-r")(r' + l). By using d = d' + d" and r ' + r" = r-1, we have N-2r'-N 1 = = N-N 2 . 
This shows that the complexes on both sides in the second identity are isomorphic to each 
other if the Tate twists are ignored. 

Next, we check that the weights of complexes on both sides in each identity are the 
same. Recall that na* in Diagram (14.61) is equivalent to a hyperbolic localization functor 
QB03]). By |B03t Theorem 8], the functor K\L* preserves purities and weights of equivariant 
complexes. Then 

wt(Res^€ r _i ir (Q,)^ r ) = -r + 1 - r'r". 
On the other hand, we have 



wt((8;, r , +1 Res^ (Q^J = -(r' + l)r" 



r 



(!3) . , , 

wt(^,C," +1 (^)Res r d ,f d „ +1 (Q^ r ) = -r'(r" + 1) - r" - V. 

(14. 6p and (1131) are the same by using r' + r" = r — 1 and 4r' = mod 4. This shows that 
the second equality holds. Similarly, we have 

wt(Res^^ / ,3 r r+ i )r (Q i )jr r ) = -r - r'r", 
(14) wt^^.X'^Res^'CQ/)^) = ~(r' ~ !>" + 2r" -r' + l, and 

wt(^, r ,_ 1 (r'))Re S ;f;- 1 (Q0^) = -r'(r" - 1) - r" + 1 - 2r'. 

By using r' + r" = r + 1 and 4r" = mod 4, the three quantities in ffl4l) are the same. This 
shows the last equality in ( I4.8|) . □ 

Let r d / d // : M d — )■ M d ' © M d » be the induced .ATinear map by Res^//. An argument 
similar to the proof of Proposition 3.8.1 in |Z07] shows that r^^n is an ^.-linear isomorphism. 
Let Qd = ©^ '■ M d — > Ad, where ^ is defined in (14. 6p . 

Theorem 4.9. (a) q&: Md — >■ Ad is an isomorphism of XJ-module. 

(b) The image of {IC(O r ) | r G S d } under the map Qd form an A-basis of Ad- Moreover, 
the structure constants of E ■ IC(O r ) , F-IC(O r ) and K ■ IC(O r ) are in t a N[v ±1 ] for various 
a GZ with respect to the basis in (b). 

Proof, (a) follows from Proposition 14.81 and (12. ip . The first statement of part (b) follows 
from the fact that r 6 H f d parameterizes the Pd-orbits of J>. The second statement of (b) 
follows from the first one. □ 
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4.10. Recall that the Ext groups of any two objects L, M in T>(X) are defined by 

Ext£ (x) (L,M) = Rom v(x) (L,M[n]). 

We list some properties of Ext groups as follows. 

(a) Ext> v(x) (L[n],M[m]) = Ext^"| m (L, M); 

(b) If both L and M are perverse sheaves, then Ext^ x ^(L, M) = for any j < 0; 

(c) Suppose that L and M are both simple perverse sheaves, then dimExt^p^L, M) = 1 
if L ~ M and otherwise. 

Given any two pure complexes L, M in Qd? we define 

(L, M) = ^dimExt j (L,DM)t;- J t- wt(L) - wt(M) . 

jez 

Since any complex in Qd is semisimple, the above definition can be extended to any two 
complexes in Qd- This defines a bilinear form on Mj. 

Proposition 4.11. For any two complexes L,M in Qd, we have 

2r + 1 

(ArL } M) = (L,& r M), (<£ r , r+1 L,M) = (L, £ r+1 ff P+ljr M[l]( — )), 

2r + 1 

($ r+ljr L,M) = (L,^ 1 € r , r+1 M[1](^— )). 

Proof. The first equality is obvious. We now show the second equality and the third one can 
be proved similarly. By the definition of <£ r ,r+i in (14. ip . we have 

Ext j (p ]P '*L[d - 1 - r](ti),DM) = Ext J (L,p J [-d + 1 + r](-^=±)DM) 
= Ext j (L,B(p\p*[d- 1 -r](^=i)M)) = Exf (L, D(^. +1 y r+1 , r [l]M)). 

Without loss of generality, we assume that both L and M are pure complexes. By (I4.10p . 
we have 



[<£ r>r+1 L,M) = ^dimExt J '(£ r>r+ iL,DM)w^t 



-j ,-wt(L)-wt(M)+r 



= ^dimExt^L^^+^+i^tllM))^-^^-^^ = (L,^ +1 ^ +1 , r M[l](-^^)). 

Proposition follows. □ 
We define an algebra isomorphism p : 5^(2, d) — »■ (5^(2, (i)) op by 

p(l r ) = l r , p{E r>r+1 ) = Vt~ 2r ~ 2 K r F r+1 , r , p(F r+1)T ) = Vt 2r K r E rir+ i. 

Corollary 4.12. For any two isomorphism classes L,M in Md and any x 6 S V jC2,d), we 
have (xL,M) = (L,p(x)M). 

Proof. Corollary follows directly from Proposition 14.111 □ 
Given any pure complex L e Qd, let 

D(L) = (DL)(-wt(L)). 
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Since objects in Q d are semisimple, this defines a functor D : Q d — > Q d . We notice that 3) 2 
is the identity functor. Let ~ : Mj — > Mj be the Z[t ±1 ]-linear map sending L y T)L and 
v i — y v~ l . Let Bd be the subset of Md consisting of all x satisfying 

X = X, (l,l)el + !) _1 Z[lJ 4 ]. 

Recall that a signed basis of a module M is a subset, say B, of M such that B = B' U (— B') 
for some basis B' of M. 

Proposition 4.13. Bd is the canonical signed basis o/Mj. 

Proof. For any x G Bd, let L be a representative complex of Then we have £>(L) ~ L. Let 
L ~ ©^Lx-^i, where L£ are an simple complexes. For each L[, there exists d; 6 Z such that 
Lj := L^[— aj](— is simple perverse sheaf. Let a' = maXjOj. Denote by Xi the isomorphic 
classes of Li for each i. We have (x,x) = J2ij vai+a3 ( x ^ x j)- Since (x,x) G 1 + v _1 Z[t>~ 1 ], by 
Section T4.10I (b), we have a' < 0. Hence a £ < for all i. 

On the other hand, = ©jS}(Lj)[— a^](— |aj) and 2)(Lj) is still a simple perverse 

sheaf. Let a" = min, a,. By a similar argument, we have —a" < 0. Hence aj > for all i. So 
Oj = for all i and, therefore, L = (B™ =1 L i is a perverse sheaf. By Section [4. 101 (c), we have 
(L, L) G m + f -1 Z[t> Hence L is a simple perverse sheaf. 

If the weight of L is odd, then (L, L) G — 1 + w _1 Z[f It is a contradiction. Therefore, 
L is a simple perverse sheaf of weight or 2. □ 

4.14. Let S v (2,d) be the g-Schur algebra associated to st(2). By [BLM90] and [D95] . 

S'„ i< (2,(i) is isomorphic to S , t) (2,<i) ©q^) Q[t ± ](f). We define a Q[t ±:L ](v)-linear map ipd,d+2 '■ 
Sv it (2,d + 2)^S v , t (2,d)by 



{A}^ 



{A - J 2x2 }, if A - I 2x2 G Q d , 
0, otherwise, 
where I 2X 2 is the identity matrix of rank 2. 

Proposition 4.15. For any d G Z >0 , ipd,d+2 is a surjective algebra homomorphism. 

Proof. By |DJ91j and [D95], S v j(2,d) is generated by l r ,E r ^ r+ i and F r>r _i, V0 < r < c/ and 
subjects to the relations given by Lemma [3731 (a),(b),(c) and (13.61) . By (14.141) . we have 

i ) d,d+2{E r ,r+l) — tE r _ ltr , 1pd,d+2 (-Pr,r-l) = ^r-l,r-2, 4>d,d+2 (lr) = lr-1- 

ipd,d+2 is surjective follows from the fact that l r , E r>T+ i and -F rir _i are algebraic generators of 
S v j(2,d). The rest is to show that ip d ,d+2 is compatible with the defining relations of Qf +2 . 
We only check the relation (13.61) and the rest relations can be checked similarly. By the 
definition of K r , we have ^ d4+2 (K r ) = v d+2 - 2r t 2r ij d<d+2 (l r ) = v^^t^l^ = t 2 K T _ x . So 

K r — K' 1 K r _i — K~\ 

1pd,d+2(E rr+ i O F r+ i r — t F rr _i O £J r _ lr ) = ll) dd+2 { y~) = t . 

v — V v — V 

On the other hand, we have 

V , d,d+2(-Er,r+l) ° r lpd,d+2(Fr+l,r) ~ t 2 4>d,d+2 (F r ,r-1 ) ° ^d,d+2{E r -l,r) 

K 1 — K 1 

= t (E r _i r o F r r _i — t F r _ l r _ 2 o E r _ 2 r _i) = t y — . 

v — v 1 

Proposition follows. □ 
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5. The modified quantum algebra U and weight modules 

5.1. A U-module M is called a weight module if there is a decomposition of vector spaces 
M = ® X &M± such that 

M+ = {me M | K ■ m = vV A ~ p(A) m}, and M~ = {m G M \ K ■ m = -wV A ~ p(A) m}, 

where p(X) = if A is even and 1 otherwise. The subspaces are called the weight spaces 
of M. Let C + (resp. C~) be the category whose objects are weight modules of the form 
M = ®\M^ (resp. M = ®\M^) of U and morphisms are U-linear maps. 

The modified quantum superalgebra U associated to osp(l|2) is defined to be an associative 
Q[t ±:L ](f )-algebra without unit, generated by 1\, £?a,a-2 and F XtX+2 , VA G Z and subject to 
the following defining relations. 







IaIa' = ^a,a'1aj 








(15) 


E\,\-2 O 1 A / = 


0A-2,A'£'A,A-2) 


ly 


° Ex,X-2 


— &\',\E\.\-2 




^A,A+2 ° 1a' = 


A "a+2,A'-^A,A+2, 


lv 


° ^A,A+2 


= ^A',A-^A,A+2) 


(16) 




-2,A — t 2 F\ t \ +2 E\ + 2,\ - 


_ t -A-p(A) 


[X) v l x . 



Let C be the category of unital U-modules in the sense of Lusztig |L93| 23.1.4]. Given a 
weight U-module M = (B\Mj[ , we define a U-module structure on M as follows. 

E\>+ 2 ,\' " m — $\,\'E ■ m, Fy-2,x' • m = 8\,\'F ■ m and ly • m = 5 XX im, for any m G M£. 

This U-module structure is well-defined. To prove this, we only need to check the relation 
( fl6|) . The rest are obvious. For any m G we have 

{E x ,x-2F X -2,x - t 2 F XM2 E x+2! x) ■ m — (EF — t 2 FE) ■ m 
X — K^ 1 v x t~ x ~p( x ) — v ~ x t x +pW 



— m = — 

V — V L v — V 



-m = t- x - p{x) [X] v l x m, 



where the last equality follows from t A+p ( A ) = £^ a ~p( a ). It is clear that a homomorphism 
/ : M — > iV in C + becomes a homomorphism in C if M and N are regarded as U-modules. 
The above analysis provides us with a functor 

(17) V :C + -> C. 

Conversely, given a U-module M, let = l\ • M. By using Lemma 13.31 (a), one can 
easily show that Mj[ fl My = {0} if A ^ A'. So we have M = ® X M^ as a vector space. We 
now define a U-module structure on M by E ■ m = E\+2,x • m , K ■ m = v x t~ x ~ p( - x ^m and 
F ■ m = F x _2,\ ■ m for any m G . Similarly, we can check that this U-module structure 
is well-defined. This defines a functor 

(18) rf : C C+. 

It is clear that 777/ and 7/77 are identity functors on C and C + , respectively. We have the 
following proposition. 

Proposition 5.2. The functors rj and rj' in ( T7\) and ( fl^jj establish an isomorphism of 
categories between C + and C. 
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Note that the notion of an isomorphism of categories is stronger than the notion of an 
equivalence of categories. We thank Jon Kujawa for pointing out this to us. 

5.3. Recall that E r ^ r+a (resp. F rr _ a and l r ) is the short notation for E d _ 2r) d-2(r+a) (resp. 
Fd-2r,d-2(r-a) an d ^d-2r)- We shall use the original notations in this section. By Lemma [3. 3 \ 
there is a unique surjective algebra homomorphism 

</> d :U^S v>t (2,d), 

d-p(d) d-p(d) 

defined by £ AjA _ 2 ^ t 2 E x ,x-2, ^a.a+2 H> t 2 F AjA+2 and 1 A ^ 1 A . By checking the 
image of the generators, we have ip d ,d+2 < Pd+2 = 4>d- 

5.4. Recall that the modified quantum algebra U(s((2)) associated to sl(2) is a Q[t ±:L ](v)- 
algebra without unit, generated by 1 A , Ex,x-2 and -F AjA+2 , VA G Z and subjects to the analo- 
gous relations of (Tl5|) and the following one. 

Ex,X-2Ex-2,X — Fx,x+2Ex+2,x = [A]„1a- 

Theorem 5.5. (a) The assignments Ex,x-2 ^ t X+p ^ E X: \-2, ^a,a+2 ^ -^a,a+2 an d 1a i_ ► 1a; 
for any A G Z ; define a unique algebra isomorphism p> : U(sl(2)) — > U. 
The algebra U is isomorphic to the analogous algebra in [C W12] , 
(c) There is a basis in U whose structure constants are in N[i>, w -1 ]. 

Proof. We have 

(f(E\,\-2F\^2,\ — F X A+2E X +2,\ — [A]„1a) 
= t A+p(A) (^A,A-2i 71 A-2,A - t 2 Fx,X+2Ex+2,x) ~ [A]„1 A = 0. 

Similarly, one can show that the other defining relations of U(sl(2)) get sent to zero by 
ip. This shows that ip is an algebra homomorphism. Similarly, there is a unique algebra 
homomorphism ip 1 : U — >■ U(s[(2)) defined by E x ,\-2 t~ x ~ p( - x ^E x ,\-2, Fx,x+2 ^a,a+2 
and 1 A i — y 1 A . Clearly, (pep' = Id and (p'tp = Id. This finishes the proof of (a). Statement 
(c) follows by taking the basis to be the image of the canonical basis of U(sl(2)) under the 
isomorphism in (a). The commutator relation (Tl6|) can be rewritten as 

By comparing with the commutator relation for the modified quantum osp(l|2) in [C Wl2j . 
we have (b). □ 

Let U(sl(2)) be the quantum algebra associated to st(2) defined over the field Q[t ±:L ](u). 
To avoid any confusion, we shall denote by E, F, K ±l the standard generators of U(sl(2)). 
Recall that a U(sl(2))-module M is called a weight module of type 1 if there is a decomposition 
of vector spaces M = © AeZ M A such that M A = {in G M \ K-m = v x m}. Let C + (sl(2)) be the 
category whose objects are weight U(s[(2))-modules of type 1 and morphisms are U(s[(2))- 
linear maps. Similarly, we can define the category C _ (sl(2)) of weight modules of type — 1. 
By a similar argument, C + (si(2)) is equivalent to the category of unital U(sl(2))-modules. 
By Theorem I5.5[ we have 

Proposition 5.6. The category C + is isomorphic to the category C + (s[(2)) . 
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Note that a functor of equivalence T : C + (sl(2)) — > C + for Theorem 15.61 can be explicitly 
defined as follows. For any M G C + (sl(2)), we define a U- module structure on M by 

Fm = Fm, Em = t x+2+pW Em, Km = t x+p(x) Km, Vm G M A . 

Conversely, given any U-module M, we define a U(sl(2))-module structure on M by 

Fm = Fm, Em = r x ~ 2 ~ pW Em, and Km = r x ~ p{x) Km, Vm G M^. 

This defines a functor T' : C + — > C + (sl(2)), inverse to T. In particular, if V d is a simple 
module of dimension d + 1 in C + (sl(2)), we have 



{ A d , if d=3,0 (mod 4). 
By Clebsh-Gordan formula, we have V\ <g) V\ = Vq © Vg. So 

T 7 (Vi (8) Pi) = Ao © A 2 ^ A © A 2 = Ai ® Ai. 

This shows that the functor T' is not compatible with the tensor product structures on C + 
and C+(sI(2)). 

5.7. By a similar argument as the proof of Proposition 15.21 the category C~ is equivalent to 
C~(s((2)). Let C = C+ ©C". Note that the highest weight simple modules A^, for all d G N, 
are objects in C. Let C(sl(2)) = C + (sl(2)) ©C~(sl(2)). Then we have the following theorem. 

Theorem 5.8. The category C is isomorphic to C(sl(2)). 
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